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Abstract

This note complements the paper The quest for optimal sampling: Computationally efficient,
structure-exploiting measurements for compressed sensing [2]. Its purpose is to present a proof
of a result stated therein concerning the recovery via compressed sensing of a signal that has
structured sparsity in a Haar wavelet basis when sampled using a multilevel-subsampled discrete
Fourier transform. In doing so, it provides a simple exposition of the proof in the case of Haar
wavelets and discrete Fourier samples of more general result recently provided in Breaking the
coeherence barrier: A new theory for compressed sensing [1].

1 Introduction

In many applications of compressed sensing, the image or signal € C™ to be recovered is sparse
or compressible in an orthonormal wavelet basis ® € C"*. However, it is well known that the
coefficients ¢ = ®*z in such a basis possess far more than mere sparsity. In fact, they are highly
structured: if the vector ¢ of wavelet coefficients is divided into dyadic scales, there is far more
sparsity at the finer scales than at the coarser scales. In [2] it was argued that, in order to obtain a
better reconstruction with compressed sensing, one should exploit such structure by taking appro-
priate measurements. This can be achieved by subsampling the discrete Fourier transform in an
appropriate way. Not only does this lead to improved reconstructions over standard (sub)Gaussian
random measurements, it also explains the success of compressed sensing in applications where the
measurements naturally arise from the Fourier transform, e.g. MRI, X-ray CT, etc.

In this note we provide a short, expositional proof of the corresponding recovery result stated in
[2] for the case of one-dimensional discrete Fourier measurements with Haar wavelets. We refer to
[1] for the proof of the corresponding result for general wavelets in the infinite-dimensional setting.
Throughout, we use the same notation as in [2].

2 Preliminaries

Let x = {z(t)}/=) € C" be a signal. Denote the Fourier transform of = by

1O ;
Fr(w) = N Zx(t)e%l”t/”, w € R,
t=1
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and write F' € C"*" for the corresponding matrix, so that

Fx = {J:a?(w)}Zf_n/QH'

The concern of this note is the recovery of = from a small subset y € C™ of the measurements
Fz. We do so using techniques of compressed sensing, by assuming that x is compressible in
a Haar wavelet basis. Let n = 2" for some r € N. The Haar basis consists of the functions

{Y}U{gjp:3=0,....,r =1, p=0,...,2/ — 1} where

Pt)=2""7 0<t<,

and .
27 p2 I <t<(p+ 52
Pipt) = —25 (p+ 127 <t<(p+1)27
0 otherwise

Write & € C™*™ for the matrix corresponding to this basis, and let ¢ = ®*x € C™ be the vector of
coefficients of x. We divide ¢ into r levels corresponding to wavelet scales:

c= (9. e T

)

(note that we now index over 0,...,7 — 1, as opposed to 1,...,r as was done in [2]) where

O = ((z,9), (z, ¢00)) " € C?,
and . T .
C(]) = (<m’¢j’0>,.,.,<$,¢j,2j*1>) = (CQJ'

Let My =0 and A
M; =2, j=1,...,n

so that ¢U) corresponds to the segment of the vector ¢ with indices {M;+1,...,Mj1}.
We now wish to specify how to subsample the Fourier transform Fx. Recall that Fx is indexed
over {—n/2+1,...,n/2}. Proceeding as in [2], we divide this set up into r frequency bands. Let

WO = {0’ 1}7

and
Wi={-2+1,..., 27 u{2 +1,...,27}, j=1,....,r—1, (2.1)

and note that Wy, ..., W,_; form a disjoint partition of {—n/2+1,...,n/2}. Observe that

[Wo| = 2, Wl =2, j=1,...,r—1.
For j =0,...,7 — 1, we now choose the index set {2; C W; uniformly at random of size |Q;| = m;.
If
Q=QU---UQ_1, ]Q|:m:m0—|—...—|—mr,1, (22)

then the vector of measurements is given by y = PoFx, where the matrix Py € C™*" picks out
the elements of F'z with entries in Q. Equivalently, the measurement matrix A = PoF' (see [2]).

Remark 2.1 Throughout this note, we shall use the notations a < b and a 2 b to mean that there
exists a constant C' independent of all relevant parameters such that a < Cb or a > Cb respectively.



3 Main theorem

Our concern is signals x for which the vector ¢ is not just approximately sparse, but has a distinct
sparsity structure within its wavelet scale. Given the parameters M = (M, ..., M,_1), we recall
from [2] that c is (k, M)-sparse in levels, where k = (ko, ..., k,—1) € N" if

D)o <kjy j=0,...,r—1.

If ¥k M denotes the set of such vectors, then we define the best (k, M)-term approximation of an
arbitrary ¢ € C" by

oim(c)r = min fle—zffs. (3.1)

In order to recover such an z from noisy measurements y = Ax + e with ||e]|2 <7, we consider the
convex optimization problem

min [|®z[|; s.t. |y — Az|2 <. (3.2)
zeCnr

The result we shall prove is the following:

Theorem 3.1. Let z € C" and 2 be as in (2.2). Let e € (0,e7!] and suppose that

r—1
li=1
mj 2 | ki + 22*%/@ log(e Hlog(n), j=0,...,r—1. (3.3)
1=0
I£]
Then, with probability exceeding 1 —ke, where k = ko+...+ky—1, any minimizer & of (3.2) satisfies

o = @lls < € (1/D(1 + EVE) + o (@*a)1 )

1
for some constant C', where oy m(f) is asin (3.1), D = 1—1—%

Nj_1)/m;}. If mj = |Wj|, j =0,...,r — 1, then this holds with probability 1.

and E = maxj—g, . r—1{(N;—

We refer to [2] for a detailed discussion on the implications of this result. However, note that
(3.3) asserts that we require near-optimal number of measurements m; in the 4% frequency band
to recover the k; significant wavelet coefficients in the corresponding % wavelet band.

4 Proof of Theorem 3.1

4.1 Setup

Let U = C™*™ be given by U = F®*. There is a natural division of U into blocks defined by the
sampling and sparsity bands. Let Uj; be restriction of U to rows with indices in W; and columns
with indices {M; + 1,..., M;;1}. Note that the entries of Uj; are

Ujdwp = Foipw), weW;, p=0,...,20 —1,j=0,...,r—1,l=1,...,r — 1,

and
(Ujo)wo = F(w), Ujo0)wi =Fooolw), weW;,j=0,...,r—1.



Recall the coherence p(V') of matrix V' € C"*" is defined by u(V) = max;;—1,. » |VJZ\2 As in
[2, Def. 4], define the (j,1)™" local coherence of the matrix U by

wG ) =/ uUn) , max_\/u(Us) (4.1)

Note that the second term is the coherence of the 27 x 2" submatrix of U formed by concatenating
only those rows in W;. Given a vector k = (ko,...,kr—1), we also define the relative sparsities (see
[2, Def. 5]) by

(4.2)

i — Inax
zeZk M
Izl

Z U, lZ(l)

With these definitions in hand, [2, Thm. 1] gives that the conclusions of Theorem 3.1 hold, provided
mo, ..., my_1 satisfy the following two conditions:

2

(i) We have
>|W|<ZM, )log Ylog(n), j=0,...,r—1. (4.3)

(i1) For all ko, ..., kw1 € (0,00) satisfying
];:0+...+l~cr_1§k0+...+kr_1, ];jSij

we have m; 2> my;log(e~1)log(n), where m; satisfies

r—

1> :( " ) w(GDkj, 1=0,...,r—1. (4.4)

Jj=

Thus, to prove Theorem 3.1, we need only show that (3.3) implies (4.3) and (4.4). To do this, we
need to estimate the local coherences p(j,1) and the relative sparsities K;. These are subjects of
the next two subsections.

4.2 The local coherences p(j,!()

We commence with the following lemma:

Lemma 4.1. Forw € {—2""1 4+ 1,...,2"7 '}, we have

1 w=0
Fpw) = { 0 otherwise ’
and
0 w=0
Fo. (w) = (1= 27Tiw/2j+1 2
¢Jap( ) 97 /2~ o2miwp/2 (1 ¢ otherwise

1—e2miw/27



Proof. The first statement is trivial. For the second, we proceed by direct computation:

3
<.
|
3

j_
272 . 272 .
_ 2miwt /n 2miwt /n
Fyp(t) = Y e 2L )3 et
P27 =i <t<(p+1/2)27 3 (p+1/2)2r =3 <t<(p+1)2r—i
2r—Ji—l_1 i=r 2r—i—l_1
_ 2 e27riwp2""_j/n 2 : eZwiws/n 42 e27riw(p—0—1/2)27"_j/'rL § eQwiws/n

\/ﬁ s=0 s=0

[\
-

\)

B

2r—i—1_1
i . J . j .
_ 2]/2 r <e27r1wp/2 - e27r1w(p+1/2)/2 ) § : eQﬂ'lws/n

s=0

o ] ; ] ; e2miw2™ 7 /n ¢
_ 2]/2 r <627r1wp/2 o e?7r1w(p+1/2)/2 )

e2miw/n _ q

i Jj+1
— 9i/2-r2miwp/V (1 _ eZWiw/21+1> e?mw/2
e2miw/27 _ 1 )

as required. O
We now have the following:

Lemma 4.2. The local coherences u(j,1) satisfy
w(G ) <2927l =0, r—1.
Proof. Recalling the definition (4.1), we see that it suffices to show that
pw(Uy) < 277270700 G1=0,...,r—1.

Let w € W;. Then ‘ A
2071 < | < 2, (4.5)

Recall also that
|sint| < 7|t|, VteR, |sinmt| > 2¢, [t| < 1/2.

Thus . ,
277 <sin(rw/2"7)| < 7277, we W

Applying this and Lemma 4.1 now gives

. 2
_ ol/2-r+1 [sin(mw /21|
| sin(7w/27)]

Fop ()] < 2279 [sin (/2 ) R (4.6)

Recall also that F¢;,(0) = 0. Suppose now that [ > j. Then |w|/2! < 277! and therefore we get
\Forp(w)| S 27120070 = 973/2973l7 /2 vy 1 > 4.
Conversely, if | < j, then we use the fact that |sin(mw/2")| <1 to get
|[Fprp(w)] S 21279 = 2732970712y, 1 < .

Hence, we find that ' ‘
[Frp(w)| S 2792270712 v, 1.



Since Uj; has entries F¢y,(w) for [ # 0, it now follows immediately that
pUy) < 279270 j=0,...r—1,1=1,...,r - 1.

To complete the proof, we need only consider the case I = 0. Recall that when [ = 0, the first
column of the matrix U;; has entries F1)(w). However, by Lemma 4.1, Fy(w) =1 for w = 0 € Wy
and F1p(w) = 0 for w # 0. Thus | Fyp(w)| < 277/2271701/2, The second column has entries Feo o(w),
and thus also satisfies the same bound. Hence we get the case [ = 0 as well. O

4.3 The relative sparsities K
From the definition (4.2), we have

r—1
!
VE; < max Z 1Ull2]2 2.

Izlleo<1 =0

Note that ||z]]2 < /[20]o = v&. Hence
r—1
VE; < Ul Vi, (47)
=0

and therefore it suffices to estimate ||Uj;||2.

Lemma 4.3. The matrices Uj; satisfy
HUle252_‘j_l|/27 j,le,...,r—l.

Proof. Suppose that [ = 0 and let z € C2, ||z||2 = 1. Then

102l = 3= 1Fb(@)z0 + Fono@al < 3 (10N +1Foo@)P)

wGWj wGWj

Recall that Fi(w) = 0 for w # 0 and Fy(0) = 1. Also F¢go(0) = 0 and by (4.6) we have
| Feo0(w)] <277, Since [Wy| = 2 and |W;| = 27 otherwise, we get ||Ujoz||3 < 277. The result for
I = 0 now follows immediately.

Suppose now that { =1,...,7r — 1. Let z € (CQZ, l|z||l2 = 1, and write g = 212712—01 ZpP1p- Then

Ul = sup > [Fg(w). (4.8)
”zﬁ@llwewj
z||la=

By Lemma 4.1, we have F¢y,(w) = ez’Ti“’p/Ql}'@,o(w). Hence

21 ol 1
Folw) = Foro(w) D 5™/ = Foro@)Glw/2),  G(z) = Y ze?™.
p=0 =0



Thus

Z | Fg(w)|* < max \]—"qﬁlo )2 Z ‘G w/2h) ‘

weW; weW;

< 2% sin(rw/2 )1 S ’G(w/Zl)‘z

weW;
2 2074 j>1
l J =
S ¥ Jow[{ 0 121 (4.9
weW;
where the second inequality is due to (4.6). Since G(z) is periodic with period 1, we find that

27 -1

S ‘G w/2Y ‘ Z ‘G w/2Y) ( . (4.10)

weW;

Moreover, since G is a trigonometric polynomial of degree 2!, we have
21
Z ‘G w/2 - 21/ G(2)[2dz = 2V)|2|)2 = 2.
Suppose that j < [. Then by this and (4.10), we have

2l—1

> || < Z’Gw/Ql‘ — 2.

weW,;
Conversely, suppose that j > [. By (4.10) and periodicity of G,

2l—1

3 ‘Gw/2 ‘ — 9i- IZ‘Gw/Q ‘ = 9d,

weW;

Substituting this into (4.9) and using (4.8) gives

22721 j>1
2 J =
HUJlHQ ,S { 2[22j—3l ] <l

and therefore |U;[|2 < 27197, as required. O
Using this lemma and (4.7), we now deduce that

r—1 2 r—1 r—1 r—1
K < (Z 2|jl|/2\/k7> < S o 2 Y g il < o iy (411)
=0 =0 =0

4.4 Final arguments

We are now able to complete the proof of the main result, Theorem 3.1. Recall that it suffices to
show that (3.3) implies (4.3) and (4.4). Consider the right-hand side of (4.3). By Lemma 4.2,

Wil (Zu (4, 1) >log ") log(n (ZQ b= ”/ka> log(e ") log(n).

=0

7



Hence (3.3) implies (4.3). Similarly, applying Lemma 4.2 to the right-hand side of (4.4) gives
r—1 ‘W| ~ r—1 |W| ' ' ~
> </ - 1) p(G Dy S = Re i,
=0 N\ =0 M

Since |W;| =27 and
Tizj”/? <1, 1=0,...,r—1,
j=0
we see that it suffices to take 3
mj 2 kj.
By definition, k; < K. Therefore an application of (4.11) now gives that (3.3) implies (4.4) as
well. This completes the proof of Theorem 3.1.
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